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2charges of the lattice cells should be described by a continuum model. As a result, the lattice observables { such
as the vacuum expectation value of the lattice monopole density { should carry information about dynamics of the
continuum monopoles. The observables should depend not only on the size of the lattice cell, b, but also on features of
the continuummodel which describes the monopole dynamics. We take the high temperature gluodynamics as a simple
example and show that the density and action of the static lattice monopoles of various sizes b can self{consistently
be described by a continuum Coulomb gas model.
Our approach resembles the idea of the blocking of the continuum elds to the lattice [9, 10, 11, 12]. This method
allows to construct perfect actions and operators in various eld theories. In our paper we are blocking continuum
monopoles what is ideologically similar to the blocking of a topological charge [12] and a fermionic current [9, 11]
to the lattice. The blocking of the elds, however, leads to a non{integer lattice magnetic current contrary to the
quantized lattice denition of the monopole charge [8]. Thus the blocking of topological defects seems to be more
suitable for investigation of the lattice monopole charges. There is also a similarity of our approach with the blocking
of the monopole degrees of freedom from ne to coarser lattices [13]. This method allows to dene a perfect monopole
action independent on the spacing of the ne lattice.
To avoid misunderstanding we would like to stress from the very beginning the dierence between various monopole
sizes. As we mentioned above, we call the size of the lattice 3D cell { used for detection of the monopoles { as "the
size of the lattice monopole". This should be distinguished from the physical radius of the monopole core [14] which is
obviously independent on the size of the lattice "detector". In this paper we disregard the existence of the monopole
core and consider the continuum monopoles as point{like objects. Thus, we get the nite{sized lattice monopoles by
blocking the point{like monopoles from continuum to the lattice.
The structure of the paper is as follows. In Section II we derive the lattice monopole action and the density
of squared magnetic charges. The basic assumption behind the derivation is that the dynamics of the continuum
monopoles { which are blocked to the lattice { is described by the Coulomb gas model. In Section III we present the
numerical results both for the monopole action and for the density of squared magnetic charges. We show that these
quantities are in a good agreement with the predictions of Section II. The comparison of the analytical and numerical
results allows us to calculate the product of the Abelian magnetic screening mass and the monopole density in the
continuum model. At the end of Section III we check the self{consistency of our results as well as validity of the
Coulomb gas description for the static monopole currents. Our conclusion is presented in the last Section.
II. LATTICE MONOPOLES FROM CONTINUUM MONOPOLES
In this Section we consider the blocking of the continuum monopoles to the lattice in three space{time dimensions.
Let us consider a lattice with a nite lattice spacing b which is embedded in the continuum space-time. The cells of




























is the lattice dimensionless coordinate and x
i
corresponds to the continuum coordinate.
Each lattice cell, C
s
, detects the total magnetic charge, k
s























is the position and the charge (in units of a




continuum monopole. In three dimensions the monopoles are instanton{like
objects and the monopole trajectories have zero dimensionality (points). It is worth stressing the dierence between
continuum and lattice monopoles: the continuummonopoles are fundamental point{like objects in this approach while
the lattice monopoles correspond to the lattice cells with non{zero total magnetic charges of continuum monopoles
located inside appropriate cells.
According to denitions (2), the lattice monopole charge shares similar properties to the continuum monopole














x (x) = 0 ; (3)
3if the continuum charge is conserved. Here  and V denote the lattice and continuum volume occupied by the lattice,
respectively. In other words, the total magnetic charge of the lattice monopole conguration is zero on a nite lattice
with periodic boundary which is considered in this paper.

















































(x). The density of the
monopole is assumed to be low. The monopole charges therefore are restricted by the condition jq
a
j  1 which means
that the monopoles do not overlap. The average monopole density  is controlled by the fugacity parameter . We
have  = 2 in the leading order according to Ref. [15]
The magnetic charges in the Coulomb gas (4) are screened: at large distances the two{point charge correlation














Note that the three dimensional Debye screening length corresponds to amagnetic screening in four dimensions. Below
we choose the vacuum expectation value of the continuum monopole density, , and the Debye screening length, 
D
,
as suitable parameters of the continuum model (instead of g
M
and ).
Note that in this simple model the continuum monopoles are supposed to be point{like while the core of the
Abelian monopoles in SU (2) gluodynamics is of a nite size [14]. However the results presented below indicate that
this simplication works at suÆciently high temperatures.
We are interested in two basic quantities characterizing the lattice monopoles: the monopole action S
mon
(k) and
the v.e.v. of the squared magnetic charge, hk
2
s
i. We study the quantity hk
2
s
i instead of the density, hjk
s
ji, since the
analytical treatment of the density is diÆcult while both these quantities are equivalent philosophically.
A. Monopole action






































































































where we have introduced two additional integrations over the continuum eld  and the compact lattice eld h to
represent the inverse Laplacian in Eq.(4) and the Kronecker symbol in Eq.(6), respectively. The subscript  in D

h










1 ; x 2 C
s
;
0 ; otherwise :
(8)









4where the monopole action, S
mon



















































Note that the left hand side of Eq.(10) is invariant both under the global continuum transformations of the eld ,
and under the lattice local transformations of the eld h,











respectively. Due to the last invariance we extend below the integration over the lattice eld h to innite limits (this
leads to appearance of an inessential factor in front of the partition function).
Let us consider the monopole action in the tree (or, Gaussian) approximation. To this end we expand the cosine




















































































































































. Note that the lattice operators F and G are dimensionless quantities.





















Let us calculate the operator F on the innite lattice. We represent the propagator D
m
D
as an integral over




































where (a; b) denotes the scalar product of the vector quantities. Changing in Eq.(17) the integration variable, p = q=b,































































































= 0 ; (21)















(q   u  2r) ; (22)
and then integrated over the momentum q.



















































































coincides with a three{dimensional perfect propagator for a free scalar eld space{time discussed
in details in Ref. [10].
The summation in Eq.(25) over one of the integers r
i





































































































The leading term in the monopole action is dened by Eqs.(16,28).































is the lattice size in i
th
direction.
In the innite{volume case the lattice operator F
s;s
0
depends only on the dimensionless quantity , Eq.(18), which
is the ratio of the monopole size b and the Debye screening length, Eq.(5). As we will see below the form of the
operator F is qualitatively dierent in the limits of small and large . Thus the Debye length 
D
sets a scale for
the lattice monopole size (or, better to say, for the size of the lattice cell) which characterizes dierent forms of the
monopole action.
61. Action for large monopoles
Let us consider the case of the large monopoles, b  
D
, or, equivalently,   1. In this case Eq.(28) can be
simplied since functions 
i







=2. Up to O(e
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In the case of large , the function 
i
in Eq.(27) is close to  for all r
i
 =(2). The deviation of  from 




 =(2). However such large r
i
's are in







according to Eq.(30). Therefore the approximation 
i
=  would lead only
to O(
 2



























































































Thus for large sizes of the lattice cells, b 
D


























The pre{Coulomb term C can be expressed through the continuum density of the monopoles, , the Debye screening
length 
D











Here we used Eq.(18).
Thus in the limit of large monopole sizes, b, the lattice monopole action is of the Coulomb form. The coeÆcient
in front of the Coulomb term, C(b), scales as C(b)  b
 2
. Note that this form of scaling is a non{perturbative
eect. Indeed, naively one could expect that this coeÆcient has to be proportional to the (squared) renormalized
magnetic charge in three dimensions, C(b)  g
2
M











(; T ) 
p
T , where T is the temperature, g
4D
is the running 4D charge of the SU (2) gluodynamics
and  is the renormalization scale. As a result, C(b)  [ g
2
4D
(; T )T ]
 1
. The size of the lattice monopole, b, may
enter the above expression only in the form of the renormalization scale,   1=b. However, this would lead only to
logarithmic b{dependence of the coeÆcient C(b). Thus the b
 2
dependence of the pre{Coulomb coeÆcient is clearly
of a non{perturbative nature.
2. Action for small monopoles
In the case of small monopoles the leading term of the operator F for b  
D




































plays a role of the lattice monopole mass. Indeed, the leading term in the action for N small monopoles with the
charges q = 1 is S = M (b) N .
In summary, we have established that the monopole action depends on the ratio of the lattice cell and the continuum


















































is the inverse Laplacian on the lattice. Thus the leading contribution to the monopole action is given by
the mass (Coulomb) terms for small (large) lattice monopoles.
B. Monopole density
In this Section we discuss the dependence of the density of the extended monopoles on the monopole size b. The
simplest quantity characterizing the monopoles is the monopole density 
latt













where L is the lattice size in units of b. However, the treatment of Eq.(39) from the analytical point of view is more













Below we discuss the quantity (40) which has a similar physical meaning to the monopole density (39).
Both in Eq.(39) and Eq.(40) the value of k
s
is equal to the total magnetic charge of the continuum monopoles
which are placed inside the corresponding cube of the volume b
3
. Obviously the lattice density (39) does not give
the correct density of the continuum monopoles in general since if the lattice monopole size is large enough then the
monopoles of the opposite charge cancel each other inside the cell C
s
. Moreover, the dependence of the densities
(39) and (40) on the monopole size b must reect the dynamics of the monopoles. Indeed, one can expect that the
functions 
latt
(b) for the Coulomb monopole gas and for the random monopole ensembles should dier from each
other since the inter{monopole correlations are absent in the latter case contrary to the former one. As we will see
below the situation is similar to the monopole action discussed in the previous Section.















y h(x) (y)i ; (41)
where the lattice site s is xed and the average is taken in the Coulomb gas of the magnetic monopoles described by
the partition function (4). We assume the validity of the dilute gas approximation.
The correlator of the monopole densities, h(x) (y)i, is well known from Ref. [15]. Introducing the source for the



































Then we repeat the transformations in the previous Section which led us to Eq.(12). Integrating over quadratic
uctuations of the eld  we get in the leading order


















i =  b
3
P () ; (44)
where  is the dimensionless Debye mass, Eq.(18) and in the thermodynamical limit the function P is












H(q; ) : (45)
Here the inverse matrix F
s;s
0
is given by Eq.(14) and the function H is dened in Eq.(19). The nite{volume analog
of Eq.(45) can be easily written using the substitution (29). Note that Eq.(44,45) establish a direct relation between
the density of the squared monopole charges and the monopole action, Eq. (16).
It is interesting to study the scaling laws of the monopole densities for large and small monopoles. In the limiting
















) ; ! 0 ;
(46)














H(q; 0)  0:148 : (47)
Substituting the asymptotic functions (46) in Eq.(44) we get the scaling laws (in physical units) for the density of














































One can note some interesting properties of the density of the squared magnetic charge, Eq.(48).
(i) The dependence of the monopole charge squared on the monopole size b is always polynomial, b
n
. In particular,
this property is remarkable in the large-b region: one may expect that the screening of the monopole charges in




, which is not the case.
(ii) As in the case of the monopole action, the power n of the leading scaling law depends crucially on the value of
the ratio of the monopole size and the Debye screening length.




in large-b region has a simple explanation. In a random monopole
gas we would get hk
2
i   b
3
since the monopoles are not correlated with each other. In the Coulomb gas the
monopoles are correlated and moreover, screened. Therefore the monopoles separated from the boundary of
the cell by the distance larger than 
D
, do not contribute to hk
2
i. Consequently, the b
3
proportionality for the




in the Coulomb gas and we get hk
2




. The coeÆcient of proportionality is
of a geometrical origin.
(iv) In the small b region the density of the squared lattice monopole charges is equal to the density of the continuum
monopoles times the volume of the cell. This is natural, since the smaller volume of the lattice cell, b
3
, the
smaller chance for two monopoles to be located at the same cell. Therefore each cell predominantly contains not











in the limit b! 0.
Closing this Section we mention interesting relations between the density of the small{ and large{ sized monopoles


















A. Details of simulations
In order to get perfect lattice monopole action and density we perform numerically blockspin transformations
for the monopole currents. The original model is dene on the ne lattice with the lattice spacing a and after the
blockspin transformation, the renormalized lattice spacing becomes b = na, where n is the number of steps of blockspin
transformations. The continuum limit is taken as the limit a! 0 and n!1 for a xed physical scale b.
Finite temperature system possesses a periodic boundary condition for time direction and the physical length in
the time direction is limited to less than 1=T . In this case it is useful to introduce anisotropic lattices. In the space
direction, we perform the blockspin transformation and the continuum limit is taken as a
s
! 0 and n
s
! 1 for a






is the lattice spacing in the space directions and n
s
is the blockspin factor.
In the time direction, the continuum limit is taken as a
t
! 0 and N
t







is the lattice spacing in the time direction and N
t
is the number of lattice sites for the time direction. After
taking the continuum limit, we nally get the eective monopole action which depends on the physical scale b and
the temperature T .



















































the parameters ,  is described in Ref. [16]. Using the parameters which are determined in Ref. [16], we simulate






= 12; 10; 8; 6;4 corresponding to temperature
T=T
c
= 1:6; 1:92; 2:4;3:2; 4:8. The parameters used here are summarized in Table I. The scaling behaviors for time-like









2.470 2.841 0.250 0.075 2.565 2.152 0.180 0.075
2.500 2.615 0.225 0.075 2.573 2.098 0.175 0.075
2.533 2.354 0.200 0.075 2.581 2.042 0.170 0.075
2.548 2.256 0.190 0.075 2.598 1.927 0.160 0.075









To study the Abelian monopole dynamics we generate the thermalized non-Abelian link elds fU

(s)g and we
perform Abelian projection in the Maximally Abelian (MA) gauge [5] for each SU (2) conguration. The MA gauge



























. The gauge xing condition (52) is invariant under
an Abelian subgroup of the group of the SU (2) gauge transformations. Thus the condition (52) corresponds to the
partial gauge xing, SU (2)! U (1).
After the MA gauge xing, the Abelian, fu






















































(s) transform like a charged matter and, respectively, a gauge eld under the residual
U(1) symmetry. Next we dene a monopole current (DeGrand-Toussaint monopole) [8]. Abelian plaquette variables









(s + ^)   

(s + ^)   

(s) ; ( 4 < 

(s)  4): (54)
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(s) is interpreted as an electromagnetic ux through the plaquette and n

(s) corresponds to the number of












(s + ^) : (56)






To study numerically the monopoles of various lattice sizes we use the so{called extended monopole construction [17].
At zero temperature the extended monopoles can be dened in the symmetric way. They have the physical size b
3
where b = na. The charge of the n{blocked monopole is equal to the sum of the charges of the elementary lattice
monopoles inside the n
3



































































) is the number of blocking steps in space (time) direction.
We consider only the n
t
= 1 case since we are interested in high temperatures for which the monopoles are
almost static. The lattice blocking is performed only in spatial directions, n
s
= 1 : : :8, and we study only the static
components K
4
among the 4D monopole currents K

(below we denote K
4
as k.). At high temperature we disregard
the spatial currents K
i
since they are not interesting from the point of view of the long{range non{perturbative spatial




In order to gure out whether the monopole currents can be described by the Coulomb gas model we should
compare Monte Carlo results with the appropriate analytical predictions derived in the previous Section. In principle
this should allow us to obtain all independent parameters of the Coulomb gas (the continuum monopole density and
the Debye screening length). However, the monopoles of small sizes are largely aected by the lattice artifacts since in
this case the number of blocking steps is small and possible magnetic charges of such monopoles are restricted due to
peculiarities of the DeGrand{Toussaint denition [8]. Moreover, the short{range interaction between the monopoles
should deviate from the simple Coulomb law due to a non{zero nite radius of the Abelian monopole [14]. Thus in
order to get reliable results we perform the comparison of the numerical data with analytical predictions for suÆciently
large blocking steps only. The restriction to large{b region allows us to calculate the product of the monopole density
and the Debye screening length,
R(T ) = 
D
(T ) (T ) ; (59)
while a separate calculation of these quantities is not possible. Nevertheless the knowledge of quantity is enough to
make a conclusion about realization of the Coulomb gas picture for static monopole lines. In subsections III B and
III C we get the quantity R from the monopole action and density, respectively. To avoid confusion we denote R in









with each other and with the Coulomb gas picture.
B. Monopole action
The monopole action for the static monopole currents, k
s
, at high temperatures was found numerically in Ref. [16]
using an inverse Monte{Carlo procedure. It turns out that the self{interaction of the temporal currents can be














are two{point operators of the monopole charges corresponding to dierent separations between the charges.
The term S
1
corresponds to the zero distance between the monopoles, S
2
corresponds to the unit distance etc. (see
Ref. [16] for further details). The two{point coupling constants, f
i
, of the monopole action are shown in FIGS. 1(a,b)
as a function the distance between the lattice points. The numerical data corresponds to lowest, T = 1:6T
c
, and
highest, T = 4:8T
c
, available temperatures. The number of blocking steps is xed to n
s
= 6 while the spatial spacings
of the ne lattice, a
s


















































FIG. 1: Two{point coupling constants, f
i
, of the monopole action vs: the distance between the lattice points, r (in lattice
units) for n
s
= 6, various spatial spacings, a
s
, of the ne lattice. The temperature is (a) T = 1:6T
c
and (b) T = 4:8T
c
. The
ts by the Coulomb interaction (61) are visualized by the dashed lines.
According to Eq.(38) the leading term in the monopole action for large lattice monopoles (b  
D
) must be


















To check this prediction we t the coupling constants f
i
by the Coulomb interaction (61) treating C
C
is the tting
parameter. The ts are visualized by the dashed lines in FIGS. 1(a,b). As one can see from the gures, this one-
parametric t works almost perfectly.
The tting of the action we obtain the values of C
C
for a range of the lattice monopole sizes, b
p
 = :96 : : :1:5
and temperatures, T = (1:6 : : :4:8)T
c
. According to Eq.(38) the pre{Coulomb coeÆcient C
C
(b; T ) at suÆciently large
monopole size , b 
D
, must depend on the lattice monopole size, b, as follows:
C
C





where R is the product of the screening length and the monopole density, Eq. (59).
We present the data for the pre-Coulomb coeÆcient, C
C
(b; T ) and the corresponding one-parameter ts (62) in
FIG. 2(a). The t is one{parametric with R being the tting parameter. Again we observe that the agreement
between the data for C
C
and the ts is very good. We show the quantity R vs: temperature in FIG. 2(b).
The lattice Coulomb form of the action and proportionality of the pre-Coulomb term to b
 2
at large values of b was
established [18] also in the three{dimensional Georgi{Glashow model for the 't Hooft{Polyakov monopoles. These
facts does not come unexpected from the point of view of the discussion above.
C. Monopole density
As we have seen from previous Section the density of squared lattice monopole charge should also contain the





can be used to extract the product of the screening length and the continuum monopole density
R, Eq.(59). We have measured the density of squared lattice monopole charge for all available temperatures and




vs: the lattice monopole size, b, for
lowest and highest available temperatures.
12

























FIG. 2: (a) The pre-Coulomb coupling C
C
and the ts of C
C
by Eq. (62) for various temperatures, T . (b) The product of the
screening length and the monopole density, Eq.(59), calculated from the monopole action (in units of the string tension).


































































vs: lattice monopole size, b, at (a) T = 1:6 T
c
and (b) T = 4:8 T
c
.




must vanish at small monopole sizes and
tend to constant at large b. This behaviour can be observed in our numerical data, FIG. 3, up to some jumps for
densities with dierent n
s
. We ascribe these jumps to the lattice artifacts emerged due to niteness of the ne lattice
spacing, a, and nite volume eects.




to get the quantity R, Eq. (59). These
asymptotics are approximated by averaging of the appropriate n
s
= 8 data for which the behaviour of the function
in question is almost at. Then we get the product of the screening length and the monopole density, R, depicted in
FIG. 4.
The result is very similar to the one obtained from the behavior of the monopole action. However, the quantity R
obtained from the monopole density is a bit larger than the same quantity calculated from the monopole action. This




by the average of the n
s
= 8 data
which may slightly dier from a correct asymptotics.
D. Check of Coulomb gas picture




correspond to the product of the screening length and the monopole density,
from a numerical point of view both R's are independent. To check the self{consistency of our approach we plot the
ratio of these quantities in FIG. 5(a). It is clearly seen that the ratio is independent of the temperature and very close
to unity, as expected. The 10%{15% deviation of this quantity from unity may be explained by reasons mentioned in
the end of the previous subsection.
13







FIG. 4: The same quantity as in FIG. 2 but now calculated from the monopole density.





















FIG. 5: (a) Check of self{consistency: the ratio of the quantities R, Eq.(59) obtained from the lattice monopole action and
density; (b) Check of the dilute Coulomb gas picture: quantities C
sp
, Eq.(63), calculated from the action and density.


















is the spatial string tension. In the Abelian projection approach the spatial string tension should be
saturated by the contributions from the static monopoles. In the dilute Coulomb gas of monopoles the string tension




while the screening length is given by (5). These relations imply that in the dilute Coulomb gas
of monopoles we should get C
sp
= 8.
We use the results for the spatial string tension of Ref. [19] in the high temperature SU (2) gluodynamics. It was
found that for the temperatures higher than T  2T
c
the spatial string tension can be well described by the formula:

sp






































. Taking also into account the relation between the critical temperature




 we calculate the quantity C
sp
and plot it in FIG. 5(b)
as a function of the temperature, T . If the Coulomb picture works then C
sp
should be close to 8. From FIG. 5(b) we





In order to describe the lattice monopole dynamics we have proposed to consider the lattice monopoles as the
defects which are blocked from continuum. In other words the lattice was suggested to be a measuring device for the
continuum monopoles. As a result we are able to draw the following conclusions:
 Using the Monte Carlo results for the density of the squared monopole charges and the monopole action we are
able to calculate the product of the Abelian magnetic screening length and the monopole density corresponding to
the continuumCoulomb gas model. The values of this parameter obtained from density and action measurements
are consistent with each other and { at suÆciently high temperatures { are consistent with known results for
the spatial string tension. At temperatures T=T
c
& 2:5 the spatial string tension is dominated by contributions
from the continuum static monopoles.
 The continuum Coulomb gas model can describe the results of the Monte Carlo simulations for the action and
density of the lattice monopoles. The dependence of these quantities on the physical sizes of the lattice mono-
poles (the size of the cell which is used for the monopole detection) is in a good agreement with the analytical
predictions.
 The lattice monopole action is dominated by the mass and the Coulomb terms for, respectively, small and large
sizes of the lattice monopoles. A relation between the density of the squared magnetic charges and the monopole
action is established (Eqs.(16,44,45) and/or Eqs.(34,36,49)).
We believe that this method can also be applied to the four dimensional non{Abelian gauge theory. We think that
this would allow to get (at least, a part of) the parameters of the dual superconductor model.
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